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Abstract
The coupling of spin-3 gauge fields to three-dimensional Maxwell and AdS-Lorentz gravity
theories is presented. After showing how the usual spin-3 extensions of the AdS and the Poincare´
algebras in three dimensions can be obtained as expansions of sl (3,R) algebra, the procedure
is generalized so as to define new higher-spin symmetries. Remarkably, the spin-3 extension
of the Maxwell symmetry allows one to introduce a novel gravity model coupled to higher-
spin topological matter with vanishing cosmological constant, which in turn corresponds to a
flat limit of the AdS-Lorentz case. We extend our results to define two different families of
higher-spin extensions of three-dimensional Einstein gravity.
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1 Introduction
Higher-spin (HS) fields have received renewed interest over the last years due to their appearance
in the spectrum of string theory, as well as in simplified models of the AdS/CFT correspondence
[1–4] (for more recent developments see [5–9]). The covariant analysis of free massless HS fieds in
four dimensions was described long ago by Fronsdal [10]. However, it was realized that in space-
times of dimension greater than three, the coupling of HS fields to gravity displays inconsistencies
[11–18], particularly due to the non-invariance of the action under HS gauge transformations.
Such obstructions restricts the analysis to gravity coupled to spin-3/2 fields, which corresponds
to supergravity. These no-go theorems were later surpassed by allowing non-minimal couplings
and non-local interactions within the framework of Vasiliev theory, which requires to relax the flat
background condition and to introduce an infinite tower of massless HS fields [19–22].
In three dimensions, on the other hand, a consistent coupling of massless HS fields to AdS
gravity can be described by means of a Chern-Simons (CS) action whose gauge group is given by
two copies of SL (n,R) [23–25], where a finite number of interacting HS fields can be considered for
finite n [26]. Even though the absence of local degrees of freedom, CS theories are known to possess
a rich structure that makes them worth to be studied. In fact, similarly to what happens in the
pure gravity case, the SL (n,R)× SL (n,R) CS theory has interesting solutions, such as HS black
holes [27–34] and conical singularities [35, 36]. Moreover, the asymptotic symmetry of the theory
realizes two copies of theWn algebra [26,37,38], which led to conjecture the duality between three-
dimensional HS theories and a Wn minimal model CFT in a large-N limit [39, 40]. Remarkably,
the no-go results can even be avoided in locally flat three-dimensional spacetimes and the main
aforementioned results can be generalized to the case of vanishing cosmological constant [41–46].
In the present paper we further generalize the coupling of spin-3 fields to gravity theories in three
dimensions. With the aim of extending the previous results beyond the AdS and the Poincare´ cases,
we address the problem of constructing HS extensions of the Maxwell and AdS-Lorentz algebras
and their generalizations, given by the Bm and the Cm algebras. The motivation to do this lies in
the fact that these symmetries, have been of recent interest in the context of (super)gravity [47–61].
Initially, the Maxwell symmetry has been introduced in [47,48] to describe a Minkowski space-
time in presence of a constant electromagnetic field background. Later it was presented in [50]
an alternative geometric scenario to introduce a generalized cosmological constant term. Fur-
ther generalizations of the Maxwell algebras and their supersymmetric extensions have been then
successfully developed by diverse authors in [62–67]. Recently, the Maxwell algebra and its gen-
eralizations Bm have been useful to recover General Relativity from CS and Born-Infeld gravity
theories in an appropriate limit [68–72]. In particular, the Bm algebras can be obtained as a flat
limit of the so-called Cm algebras. The latter have been used to relate diverse (pure) Lovelock grav-
ity theories [73–76]. More recently, there has been a particular interest in the three-dimensional
Maxwell CS gravity theory [52, 54]. In particular, it has been shown in [77] that the gravitational
Maxwell field appearing on the Maxwell CS action modifies not only the vacuum of the theory but
also its asymptotic sector. Furthermore, it has been pointed out that the asymptotic symmetries
of the Maxwell and AdS-Lorentz gravity theories are given by an enlarged deformation of the bms3
algebra and three copies of the Virasoro algebra, respectively [77,78], making the study of their HS
generalization even more appealing.
A key ingredient in the construction of these algebras is the semigroup expansion method
[79–84], which combines the structure a given Lie algebra with an abelian semigroup to form a Lie
2
algebra of greater dimension. By applying this method to the sl(3,R) algebra we will construct spin-
3 extensions of the Maxwell and the AdS-Lorentz algebras in three dimensions and the associated
CS actions. After studying how the known results of HS gravity in three-dimensions fit in the
framework of the expansion method, we extend the three-dimensional Maxwell [52] and AdS-
Lorentz [49, 51] CS gravity theories to a more general setup that include spin-3 gauge fields. We
also show that Maxwell gravity coupled to spin-3 fields can be recovered as a flat limit of the HS
extension of the AdS-Lorentz case. Finally, present two different families of gravity theories coupled
to spin-3 fields that correspond to HS extensions of the Bm and the Cm algebras and generalize
the AdS and the AdS-Lorentz cases as well as their respective flat limits. The corresponding CS
actions provide novel HS topological matter actions coupled to three-dimensional gravity.
The paper is organized as follows. In the next section we briefly review the SL (3,R)×SL (3,R)
CS gravity. Subsequently, in section III, we show that this HS gravity theory, together with its flat
limit, can be alternatively recovered from one copy of sl (3,R). In section IV, we construct the HS
extension of Maxwell CS gravity as well as the AdS-Lorentz case, and show that they are related
by a flat limit procedure. Section V is devoted to the construction of HS extensions of the Bm and
Cm gravities. We conclude our work with some comments and possible future developments.
2 Review of SL (3,R)× SL (3,R) Chern-Simons gravity
The spin-3 extension of three-dimensional AdS gravity can be formulated as a CS theory for
the group SL (3,R)×SL (3,R) [26]. As pure gravity corresponds to the SL(2,R)×SL(2,R) sector
of the theory, the field content of the full theory is determined by the embedding of the sl(2,R)
algebra in sl(3,R). The sl (3,R) algebra is defined by the commutation relations
[Li, Lj] = (i− j)Li+j , (2.1)
[Li,Wm] = (2i −m)Wi+m , (2.2)
[Wm,Wn] =
σ
3
(m− n)(2m2 + 2n2 −mn− 8)Lm+n , (2.3)
where i, j = −1, 0, 1 and m,n = −2,−1, 0, 1, 2. Here we consider σ < 01 and the corresponding
Killing form in the fundamental representation is normalized such that
〈 L0L0 〉 =
1
2
, 〈 W0W0 〉 = −
2
3
σ ,
〈 L1L−1 〉 = −1 , 〈 W2W−2 〉 = −4σ .
〈 W1W−1 〉 = σ , (2.4)
The algebra sl(2,R) can be non-trivially embedded in sl(3,R) in two inequivalent ways: the prin-
cipal embedding {L0, L±1}, which gives rise to an interacting theory of massless spin-2 and spin-3
fields; and the diagonal embedding
{
1
2L0,
1
4W±2
}
, leading to a theory for a spin-2 field, two spin-3/2
fields and a spin-1 current [30,85]. As we want to describe gravity coupled to spin-3 matter fields,
the principal embedding of the sl(2,R) in sl(3,R) will be considered throughout this article. For
1As explained in [26], the sl (3,R) corresponds to σ < 0 while σ > 0 reproduces the su (1, 2) algebra. For
completeness, we shall consider an arbitrary σ, keeping in mind that we are interested in the negative value of σ.
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our purposes it will be convenient to write sl (3,R) in the form
[Ja, Jb] = ǫabcJ
c , (2.5)
[Ja, Tbc] = ǫ
m
a(bT c)m , (2.6)
[Tab, Tcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Jm , (2.7)
where the generators {Ja, Tab} are related to those of (2.2) by
J0 =
1
2(L−1 + L1) , J1 =
1
2(L−1 − L1) , J2 = L0 ,
T00 =
1
4(W2 +W−2 + 2W0) , T11 =
1
4(W2 +W−2 − 2W0) , T22 = W0 ,
T01 =
1
4(W2 −W−2) , T02 =
1
2(W1 +W−1) , T12 =
1
2(W1 −W−1) .
(2.8)
In this case, instead of the 8 generators of the fundamental representation, there are 9 generators
{Ja, Tab = Tba} ; a, b = 1, 2, 3 , plus the constraint T
a
a = 0, were indices are lowered and raised with
the metric ηab = diag(−1, 1, 1).
The action of the system is given by
S = SCS[A]− SCS [A¯] , (2.9)
where SCS[A] corresponds to the CS action
SCS [A] = κ
∫ 〈
A ∧ dA+
2
3
A ∧A ∧A
〉
. (2.10)
The components of the invariant tensor follow from (2.8) and (2.4), giving
〈JaJb〉 =
1
2
ηab , (2.11)
〈JaTbc〉 = 0 , (2.12)
〈TabTbc〉 = −
σ
2
(
ηa(cηd)b −
2
3
ηabηbc
)
, (2.13)
and the sl (3,R) valued connection one-forms A and A¯ have the form
A =
(
ωa +
1
ℓ
ea
)
Ja +
(
ωab +
1
ℓ
eab
)
Tab , A¯ =
(
ωa −
1
ℓ
ea
)
J¯a +
(
ωab −
1
ℓ
eab
)
T¯ab .
The field equations are naturally given by the vanishing of the curvatures associated to A and A¯
dA+A ∧A = 0 dA¯+ A¯ ∧ A¯ = 0 .
As each subset of sl (3,R) generators satisfies (2.5-2.7) and (2.11-2.13), the action (2.9) takes the
form
S =
k
2πℓ
∫ [
ea
(
dωa +
1
2
ǫabcω
bωc + 2σǫaecω
cdωed
)
−2σeab
(
dωab + 2ǫacdω
cωdb
)
+
1
6ℓ2
ǫabce
aebec +
2σ
ℓ2
ǫaece
aecdeed
]
, (2.14)
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where, in this case, κ = k4pi and the CS level k is related to the Newton constant by
k =
ℓ
4G
.
The field equations coming from this action can be expanded around a vacuum solution and, after
using the torsion constraints to express ωa and ωab in terms of ea and eab, they reduce to the
Fronsdal equations [10] for the space-time metric and a spin-3 field.
3 SL (3,R)× SL (3,R) gravity from SL (3,R)
In this section, we construct the most general CS action for the gauge group SL (3,R)×SL (3,R)
by means of the semigroup expansion method [79], which allows one to obtain the sl (3,R)×sl (3,R)
algebra from sl (3,R). Furthermore, this method will provide us with the non-vanishing components
of the invariant tensor for the expanded algebra. Note that this kind of construction has already
been considered in the context of HS [86].
Let us consider the Z2 = {λ0, λ1} (semi)group, whose elements satisfy the following multiplica-
tion law
λαλβ =
{
λα+β , if α+ β ≤ 1
λα+β−2, if α+ β > 1
. (3.1)
Hence, the Z2-expanded algebra is spanned by the set of generators
Z2 × sl (3,R) = {Ma, Pa,Mab, Pab} , (3.2)
which can be written in terms of the original ones as follows
Ma = λ0Ja , ℓPa = λ1Ja , (3.3)
Mab = λ0Tab , ℓPab = λ1Tab . (3.4)
Using the semigroup multiplication law (3.1) and the commutation relations of the original alge-
bra (2.5-2.7), it can be shown that the generators of the expanded algebra satisfy the following
commutation relations:
[Ma,Mb] = ǫabcM
c , [Ma, Pb] = ǫabcP
c , [Pa, Pb] =
1
ℓ2
ǫabcM
c , (3.5)
[Ma,Mbc] = ǫ
m
a(bM c)m , [Ma, Pbc] = ǫ
m
a(bP c)m , (3.6)
[Pa,Mbc] = ǫ
m
a(bP c)m , [Pa, Pbc] =
1
ℓ2
ǫma(bM c)m , (3.7)
[Mab,Mcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Mm , (3.8)
[Mab, Pcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Pm , (3.9)
[Pab, Pcd] =
σ
ℓ2
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Mm . (3.10)
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Note that the spin-2 generators {Ma, Pa} (which satisfy the so (2, 2) algebra) and the spin-3 gen-
erators {Mab, Pab} satisfy the sl (3,R)× sl (3,R) algebra. This can be explicitly seen by redefining
the generators in the form
Ma = Ja + J¯a , Pa =
1
ℓ
(
Ja − J¯a
)
, (3.11)
Mab = Tab + T¯ab , Pab =
1
ℓ
(
Tab − T¯ab
)
. (3.12)
Remarkably, the semigroup expansion procedure can also be used to recover the quadratic Casimir
of the expanded algebra from the original Casimir operator. In particular, the sl (3,R) × sl (3,R)
algebra has the following quadratic Casimir,
C = µ0
(
MaM
a +
1
ℓ2
PaP
a −
1
2σ
[
MabM
ab +
1
ℓ2
PabP
ab
])
+2
µ1
ℓ
(
PaM
a −
1
2σ
PabM
ab
)
, (3.13)
where µ0 and µ1 are arbitrary constants.
In order to write down a CS action for this algebra, we define the one-form gauge connection,
A = ωaMa + e
aPa + ω
abMab + e
abPab . (3.14)
Following Theorem VII.2 of ref. [79], the invariant tensor for the sl (3,R)× sl (3,R) algebra can be
obtained from (2.11-2.13) using the expansion method, which yields
〈MaMb〉 = µ0 〈JaJb〉 =
µ0
2
ηab , (3.15)
〈PaPb〉 =
µ0
ℓ2
〈JaJb〉 =
µ0
2ℓ2
ηab , (3.16)
〈MaPb〉 =
µ1
ℓ
〈JaJb〉 =
µ1
2ℓ
ηab , (3.17)
〈MabMbc〉 = µ0 〈TabTbc〉 = −
σµ0
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (3.18)
〈PabPbc〉 =
µ0
ℓ2
〈TabTbc〉 = −
σµ0
2ℓ2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (3.19)
〈MabPbc〉 =
µ1
ℓ
〈TabTbc〉 = −
σµ1
2ℓ
(
ηa(cηd)b −
2
3
ηabηdc
)
. (3.20)
Then, the SL (3,R)× SL (3,R) CS action (2.10) can be written, modulo boundary terms, as
SCS = κµ0
∫ [
1
2
(
ωadωa +
1
3
ǫabcω
aωbωc
)
+
1
2ℓ2
ea
(
dea + ǫabcω
bec
)
− σ
(
ωabdωab + 2ǫabcω
aωbeωce
)
−
σ
ℓ2
eab
(
deab + 2ǫacdω
cedb + 4ǫacde
cωdb
)]
+κ
µ1
ℓ
∫ [
ea
(
dωa +
1
2
ǫabcω
bωc − 2σǫabcω
bdωcd
)
−2σeab
(
dωab + 2ǫacdω
cωdb
)
+
1
6ℓ2
ǫabc
(
eaebec − 12σǫabce
aebdecd
)]
. (3.21)
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Note that the term proportional to µ0 contains the exotic Lagrangian [87] plus contributions coming
from the presence of the spin-3 fields. The term proportional to µ1, on the other hand, corresponds
to the Lagrangian presented in [26], (2.14), up to a factor 2. Therefore, the above action is the
most general CS action describing the coupling of a spin-3 gauge field to AdS gravity in three
dimensions.
The equations of motion for the gravitational fields are
T a ≡ dea + ǫabcωbec − 4σǫ
abcebdω
d
c = 0 , (3.22)
Ra ≡ dωa +
1
2
ǫabc
(
ωbωc +
1
ℓ2
ebec
)
− 2σǫabc
(
ωbdω
d
c +
1
ℓ2
ǫabcebde
d
c
)
= 0 , (3.23)
while the field equations of the spin-3 fields read
T ab ≡ deab + ǫcd(a|ωce
|b)
d + ǫ
cd(a|ecω
|b)
d = 0 , (3.24)
Rab ≡ dωab + ǫcd(a|ωcω
|b)
d +
1
ℓ2
ǫcd(a|ece
|b)
d = 0 . (3.25)
As shown in ref. [26], the gauge transformations of the theory δA = Dλ = dλ+ [A,λ] , with gauge
parameter
λ = ΛaMa + ξ
aPa + Λ
abMab + ξ
abPab (3.26)
lead to the following relations for the spin-2 fields:
δωa = DωΛ
a −
1
ℓ2
ǫabcξbec − 4σǫ
abcωbdΛ
d
c − 4
σ
ℓ2
ǫabcebdξ
d
c , (3.27)
δea = Dωξ
a − ǫabcΛbec − 4σǫ
abcωbdξ
d
c − 4σǫ
abcebdΛ
d
c , (3.28)
where, apart from the usual gauge transformations, there are new ones along the spin-3 gauge
parameters ξab and Λab. Analogously, the spin-3 fields transform as
δωab = dΛab + ǫcd(a|ωcΛ
|b)
d +
1
ℓ2
ǫcd(a|ecξ
|b)
d + ǫ
cd(aωb)cΛd +
1
ℓ2
ǫcd(aeb)cξd , (3.29)
δeab = dξab + ǫcd(a|ωcξ
|b)
d + ǫ
cd(a|ecΛ
|b)
d + ǫ
cd(aeb)cΛd + ǫ
cd(aωb)cξd . (3.30)
3.1 Poincare´ limit
It is well known that Poincare´ (super)gravity can be recovered from the (super) AdS case
through a flat limit, which can be generalized to the case of SL (3,R) × SL (3,R) HS gravity
[26,41–43,45]. Here we present a novel procedure to obtain the spin-3 extension of Poincare´ algebra
through the semigroup expansion method. In fact, such HS symmetry is obtained by considering
an expansion of the sl (3,R) algebra with S
(1)
E = {λ0, λ1, λ2} as the relevant semigroup:
λαλβ =
{
λα+β, if α+ β ≤ 1
λ2 , if α+ β > 1
, (3.31)
where λ2 is the zero element of the semigroup. Then, the S
(1)
E -expanded algebra is spanned by the
set of generators
S
(1)
E × sl (3,R) = {Ma, Pa,Mab, Pab} , (3.32)
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where
Ma = λ0Ja , ℓPa = λ1Ja , (3.33)
Mab = λ0Tab , ℓPab = λ1Tab . (3.34)
Using the semigroup multiplication law (3.31) and the commutation relations of the original algebra
(2.5-2.7), it can be shown that the generators of the expanded algebra satisfy:
[Ma,Mb] = ǫabcM
c , [Ma, Pb] = ǫabcP
c , [Pa, Pb] = 0 , (3.35)
[Ma,Mbc] = ǫ
m
a(bM c)m , [Ma, Pbc] = ǫ
m
a(bP c)m , (3.36)
[Pa,Mbc] = ǫ
m
a(bP c)m , [Pa, Pbc] = 0 , (3.37)
[Mab,Mcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Mm , (3.38)
[Mab, Pcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Pm , (3.39)
[Pab, Pcd] = 0 , (3.40)
which corresponds to the spin-3 extension of the Poincare´ algebra. As it is known, this symmetry
can also be recovered as a flat limit ℓ→∞ of the sl (3,R)× sl (3,R) algebra. However, as pointed
out in ref. [88], in order to apply the flat limit at the level of the action (3.21) it is necessary to
consider an appropriate redefinition of the constant appearing in the invariant tensor (3.15-3.20),
µ1 → ℓµ1 . (3.41)
This redefinition is also required to obtain appropriately the quadratic Casimir of this algebra in
the flat limit
C = µ0
(
MaM
a −
1
2σ
MabM
ab
)
+ 2µ1
(
PaM
a −
1
2σ
PabM
ab
)
. (3.42)
Note that the invariant tensor for the Poincare´ gravity coupled to spin-3 fields is recovered in this
limit
〈MaMb〉 =
µ0
2
ηab , 〈MaPb〉 =
µ1
2
ηab , (3.43)
〈MabMbc〉 = −µ0
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (3.44)
〈MabPbc〉 = −µ1
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
. (3.45)
It is important to note that this invariant tensor can alternatively be obtained by means of the
semigroup expansion procedure. In the same way, the corresponding CS action can then be either
constructed by considering the connection one-form (3.14) or taking the limit ℓ→∞ in (3.21) after
implementing (3.41). This leads to
S = κµ0
∫ [
1
2
(
ωadωa +
1
3
ǫabcω
aωbωc
)
− σ
(
ωabdωab + 2ǫabcω
aωbeωce
)]
+κµ1
∫ [
ea
(
dωa +
1
2
ǫabcω
bωc − 2σǫabcω
bdωcd
)
−2σeab
(
dωab + 2ǫacdω
cωdb
)]
. (3.46)
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The CS action (3.46) describes the most general coupling of spin-3 fields to the Poincare´ gravity.
Here an exotic term is present besides the usual Poincare´ CS action coupled to spin-3 fields intro-
duced in [41–43,45]. Interestingly, the flat limit can also be applied to the equations of motion and
the gauge transformations. In fact, considering ℓ→∞ in (3.22-3.25), we obtain
T a ≡ dea + ǫabcωbec − 4σǫ
abcebdω
d
c = 0 , (3.47)
Ra ≡ dωa +
1
2
ǫabcωbωc − 2σǫ
abcωbdω
d
c = 0 , (3.48)
T ab ≡ deab + ǫcd(a|ωce
|b)
d + ǫ
cd(a|ecω
|b)
d = 0 , (3.49)
Rab ≡ dωab + ǫcd(a|ωcω
|b)
d = 0 , (3.50)
and in (3.27-3.30) we find
δωa = DωΛ
a − 4σǫabcωbdΛ
d
c , (3.51)
δea = Dωξ
a − ǫabcΛbec − 4σǫ
abcωbdξ
d
c − 4σǫ
abcebdΛ
d
c , (3.52)
δωab = dΛab + ǫcd(a|ωcΛ
|b)
d + ǫ
cd(aωb)cΛd, (3.53)
δeab = dξab + ǫcd(a|ωcξ
|b)
d + ǫ
cd(a|ecΛ
|b)
d + ǫ
cd(aeb)cΛd + ǫ
cd(aωb)cξd . (3.54)
4 Coupling spin-3 fields to extended CS gravity
One way to generalize three-dimensional CS gravity theories consists in introducing additional
fields into the gauge connection. The minimal extension can be constructed by adding an extra
generator to the former space-time symmetry. Of recent interest are the Maxwell and AdS-Lorentz
algebras, which have led to interesting results. In particular, diverse gravity theories can be recov-
ered from CS and Born-Infeld gravity models based on those symmetries [68–76].
In this section, using the semigroup expansion mechanism [79], we present the coupling of spin-3
fields to the three-dimensional CS gravity based on the Maxwell and AdS-Lorentz symmetries. In
particular, the Maxwell gravity coupled to HS fields can be alternatively obtained as a flat limit of
the HS AdS-Lorentz gravity.
4.1 Maxwell gravity coupled to spin-3 fields
In this section, we will describe the coupling of spin-3 gauge fields to Maxwell gravity in three
dimensions. For this purpose we will consider S
(2)
E = {λ0, λ1, λ2, λ3} as the abelian semigroup,
whose elements satisfy the following multiplication law
λ3 λ3 λ3 λ3 λ3
λ2 λ2 λ3 λ3 λ3
λ1 λ1 λ2 λ3 λ3
λ0 λ0 λ1 λ2 λ3
λ0 λ1 λ2 λ3
(4.1)
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and λ3 = 0S represents the zero element of the semigroup. Hence, the S
(2)
E -expanded algebra is
spanned by the set of generators
S
(2)
E × sl(3,R) = {Ma, Pa, Za,Mab, Pab, Zab} , (4.2)
where
Ma = λ0Ja , ℓPa = λ1Ja , ℓ
2Za = λ2Ja ,
Mab = λ0Tab , ℓPab = λ1Tab , ℓ
2Zab = λ2Tab .
Using the semigroup multiplication law (4.1) and the commutation relations of the original alge-
bra sl(3,R), it can be shown that the generators of the expanded algebra satisfy the following
commutation relations:
[Ma,Mb] = ǫabcM
c , [Ma, Pb] = ǫabcP
c , [Pa, Pb] = ǫabcZ
c , (4.3)
[Ma, Zb] = ǫabcZ
c , (4.4)
[Ma,Mbc] = ǫ
m
a(bM c)m , [Ma, Pbc] = ǫ
m
a(bP c)m , (4.5)
[Pa,Mbc] = ǫ
m
a(bP c)m , [Pa, Pbc] = ǫ
m
a(bZ c)m , (4.6)
[Za,Mbc] = ǫ
m
a(bZ c)m , [Ma, Zbc] = ǫ
m
a(bZ c)m , (4.7)
[Mab,Mcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Mm , (4.8)
[Mab, Pcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Pm , (4.9)
[Mab, Zcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Zm , (4.10)
[Pab, Pcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Zm , (4.11)
others = 0 . (4.12)
This algebra describes the coupling of the spin-3 generators {Mab, Pab, Zab} to the Maxwell sym-
metry (also known in the literature as B4) generated by {Ma, Pa, Za}. Note that, similarly to
what happens with the translation generators in the pure gravity case, the generators Pab are no
longer abelian due to the presence of the new generators Za and Zab . The introduction of the
additional spin-3 generator Zab is therefore required in order to consistently couple spin-3 fields to
the Maxwell algebra. The new HS algebra obtained here has the quadratic Casimir
C = µ0
(
MaM
a −
1
2σ
MabM
ab
)
+ 2µ1
(
PaM
a −
1
2σ
PabM
ab
)
+µ2
[
PaP
a + 2ZaM
a −
1
2σ
(
PabP
ab + 2ZabM
ab
)]
, (4.13)
allowing us to define a non-degenerate bilinear form.
In order to write down the CS action invariant under the HS extension of the Maxwell algebra,
we consider the one-form gauge connection
A = ωaMa + e
aPa + k
aZa + ω
abMab + e
abPab + k
abZab . (4.14)
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and the corresponding invariant tensor
〈MaMb〉 = µ0 〈JaJb〉sl(3,R) =
µ0
2
ηab , (4.15)
〈PaPb〉 =
µ˜2
ℓ2
〈JaJb〉sl(3,R) =
µ2
2
ηab , (4.16)
〈MaPb〉 =
µ˜1
ℓ
〈JaJb〉sl(3,R) =
µ1
2
ηab , (4.17)
〈MaZb〉 =
µ˜2
ℓ2
〈JaJb〉sl(3,R) =
µ2
2
ηab , (4.18)
〈MabMbc〉 = µ0 〈TabTbc〉sl(3,R) = −µ0
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (4.19)
〈PabPbc〉 =
µ˜2
ℓ2
〈TabTbc〉sl(3,R) = −µ2
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (4.20)
〈MabPbc〉 =
µ˜1
ℓ
〈TabTbc〉sl(3,R) = −µ1
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (4.21)
〈MabZbc〉 =
µ˜2
ℓ2
〈TabTbc〉sl(3,R) = −µ2
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (4.22)
where we have defined µ1 = µ˜1/ℓ and µ2 = µ˜2/ℓ
2. Then, considering the invariant tensor and the
one-form connection (4.14) the CS action reads
S = κ
∫
µ0
[
1
2
(
ωadωa +
1
3
ǫabcω
aωbωc
)
− σ
(
ωabdω
b
a + 2ǫabcω
aωbdωcd
)]
+µ1
[
ea
(
dωa +
1
2
ǫabcω
bωc − 2σǫabcω
bdωcd
)
− 2σeab
(
dωab + 2ǫacdω
cωdb
)]
+µ2
[
1
2
ea
(
dea + ǫabcω
bec
)
+ ka
(
dωa +
1
2
ǫabcω
bωc
)
− σeab
(
deab + 2ǫacdω
cedb + 4ǫacde
cωdb
)
−2σ
(
ωabdkab + ǫabck
aωbeωce + 2ǫabcω
akbeωce
)]
. (4.23)
This action describes the coupling of spin-3 gauge fields to CS Maxwell gravity, which splits in
three different sectors proportional to µ0, µ1 and µ2. One can see that the term proportional to µ1
corresponds to an Euler type CS form while the term proportional to µ0 and µ2 are Pontryagin type
CS forms. Interestingly, as in the Poincare´ case, the action (4.23) does not contain the cosmological
term. The equations of motion for the spin-2 fields are given by
T a ≡ dea + ǫabcωbec − 4σǫ
abcebdω dc = 0 , (4.24)
Ra ≡ dωa +
1
2
ǫabcωbωc − 2σǫ
abcωbdω
d
c = 0 , (4.25)
Fa ≡ dka + ǫabcωbkc +
1
2
ǫabcebec − 2σǫ
abc
(
2ωbdk
d
c + ebde
d
c
)
= 0 , (4.26)
while the corresponding field equations for the spin-3 fields are
T ab ≡ deab + ǫcd(a|ωce
|b)
d + ǫ
cd(a|ecω
|b)
d = 0 , (4.27)
Rab ≡ dωab + ǫcd(a|ωcω
|b)
d = 0 , (4.28)
Fab ≡ dkab + ǫcd(a|ωck
|b)
d + ǫ
cd(a|kcω
|b)
d + ǫ
cd(a|ece
|b)
d = 0 . (4.29)
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Let us note that the terms ǫabcebec and ǫ
abcebde
d
c do not contribute anymore to the Lorentz curvature
equation in the very same way as it happens in the case of the HS flat gravity. Nevertheless, these
terms appear explicitly in the new curvature equation Fa = 0. Analogously, the term ǫcd(a|ece
|b)
d is
now in the spin-3 curvature equation Fab = 0. Thus, the present theory does not only generalize the
HS extension of the Poincare´ gravity introducing extra spin-2 and spin-3 fields, but also modifies
the dynamics. The CS action (4.23) is invariant under gauge transformations δA = Dλ, where the
gauge parameter is given by
λ = ΛaMa + ξ
aPa + χ
aZa + Λ
abMab + ξ
abPab + χ
abZab . (4.30)
For the spin-2 fields we get
δωa = DωΛ
a − 4σǫabcωbdΛ
d
c , (4.31)
δea = Dωξ
a − ǫabcΛbec − 4σǫ
abcωbdξ
d
c − 4σǫ
abcebdΛ
d
c , (4.32)
δka = Dωχ
a − ǫabcξbec − ǫ
abcΛbkc − 4σǫ
abcebdξ
d
c − 4σǫ
abcωbdχ
d
c − 4σǫ
abckbdΛ
d
c , (4.33)
where, besides the usual gauge transformations of CS Maxwell gravity, there are new terms pro-
portional to the spin-3 gauge parameters ξab, Λab and χab. The spin-3 fields, on the other hand,
transform as
δωab = dΛab + ǫcd(a|ωcΛ
|b)
d + ǫ
cd(aωb)cΛd , (4.34)
δeab = dξab + ǫcd(a|ωcξ
|b)
d + ǫ
cd(a|ecΛ
|b)
d + ǫ
cd(aeb)cΛd + ǫ
cd(aωb)cξd , (4.35)
δkab = dχab + ǫcd(a|kcΛ
|b)
d + ǫ
cd(a|ωcχ
|b)
d + ǫ
cd(a|ecξ
|b)
d
+ ǫcd(aωb)cχd + ǫ
cd(akb)cΛd + ǫ
cd(aeb)cξd . (4.36)
It is worth to note that the field equation for the field kab resembles the structure of the HS matter
introduced in [89,90].
4.2 AdS-Lorentz gravity coupled to spin-3 fields
Let us consider now the coupling of spin-3 gauge fields to three-dimensional AdS-Lorentz gravity.
The abelian semigroup to be considered in this case is S
(2)
M = {λ0, λ1, λ2}, whose elements satisfy
λ2 λ2 λ1 λ2
λ1 λ1 λ2 λ1
λ0 λ0 λ1 λ2
λ0 λ1 λ2
(4.37)
Note that the S
(2)
M semigroup does not have a zero element as in the S
(2)
E semigroup used in the
previous case. The new generators are expressed in term of the original ones as
Ma = λ0Ja , ℓPa = λ1Ja , ℓ
2Za = λ2Ja ,
Mab = λ0Tab , ℓPab = λ1Tab , ℓ
2Zab = λ2Tab .
Using the commutation relations of the sl(3,R) algebra and the semigroup multiplication law (4.37)
one can show that the generators of the expanded algebra satisfy
[Ma,Mb] = ǫabcM
c , [Ma, Pb] = ǫabcP
c , [Pa, Pb] = ǫabcZ
c , (4.38)
[Ma, Zb] = ǫabcZ
c , [Pa, Zb] =
1
ℓ2
ǫabcP
c , [Za, Zb] =
1
ℓ2
ǫabcZ
c , (4.39)
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[Ma,Mbc] = ǫ
m
a(bM c)m , [Ma, Pbc] = ǫ
m
a(bP c)m , (4.40)
[Pa,Mbc] = ǫ
m
a(bP c)m , [Pa, Pbc] = ǫ
m
a(bZ c)m , (4.41)
[Za,Mbc] = ǫ
m
a(bZ c)m , [Za, Pbc] =
1
ℓ2
ǫma(bP c)m , (4.42)
[Ma, Zbc] = ǫ
m
a(bZ c)m , [Pa, Zbc] =
1
ℓ2
ǫma(bP c)m , (4.43)
[Za, Zbc] =
1
ℓ2
ǫma(bZ c)m , (4.44)
[Mab,Mcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Mm , (4.45)
[Mab, Pcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Pm , (4.46)
[Mab, Zcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Zm , (4.47)
[Pab, Pcd] = σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Zm , (4.48)
[Pab, Zcd] =
σ
ℓ2
(
ηa(c ǫd)mb + ηb(c ǫd)ma
)
Pm , (4.49)
[Zab, Zcd] =
σ
ℓ2
(
ηa(c ǫd)mb + ηb(c ǫd)ma
)
Zm . (4.50)
This algebra describes the coupling of the spin-3 generators {Mab, Pab, Zab} to the AdS-Lorentz
algebra [49,55] (also known as C4 [73]) spanned by {Ma, Pa, Za}. It can be written as three copies
of the sl (3,R) when the generators are redefined as
Ja =
1
2
(
ℓ2Za + ℓPa
)
, J¯a =
1
2
(
ℓ2Za − ℓPa
)
, J˜a = Ma − ℓ
2Za , (4.51)
Tab =
1
2
(
ℓ2Zab + ℓPab
)
, T¯ab =
1
2
(
ℓ2Zab − ℓPab
)
, T˜ab = Mab − ℓ
2Zab . (4.52)
This new spin-3 symmetry is quite different from the Maxwell one although having the same number
of spin-2 and spin-3 generators. In particular, there are no abelian generators and the parameter
ℓ appears explicitly in some commutation relations. Interestingly, the spin-3 Maxwell algebra is
recovered in the limit ℓ → ∞. Something similar happens with the quadratic Casimir associated
to this algebra, which can be deduced using the expansion method and reads
C = µ0
(
MaM
a −
1
2σ
MabM
ab
)
+ 2
µ1
ℓ
[
PaM
a +
1
ℓ
ZaP
a −
1
2σ
(
PabM
ab +
1
ℓ
PabZ
ab
)]
+
µ2
ℓ2
[
PaP
a + 2ZaM
a +
1
ℓ2
ZaZ
a −
1
2σ
(
PabP
ab + 2ZabM
ab +
1
ℓ2
ZabZ
ab
)]
, (4.53)
In this case, however, in order to define a flat limit it is necessary to redefine the constants µ1 and
µ2 in the form
µ1 → ℓµ1 , µ2 → ℓ
2µ2 . (4.54)
Then, the Casimir operator of the spin-3 extension of the Maxwell algebra (4.13) is recovered in
the limit ℓ→∞.
Let us consider now the one-form gauge connection
A = ωaMa + e
aPa + k
aZa + ω
abMab + e
abPab + k
abZab , (4.55)
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and the invariant tensor that follows from the expansion
〈MaMb〉 =
µ0
2
ηab , 〈MaPb〉 =
µ1
2ℓ
ηab , 〈PaPb〉 =
µ2
2ℓ2
ηab , (4.56)
〈MaZb〉 =
µ2
2ℓ2
ηab , 〈PaZb〉 =
µ1
2ℓ3
ηab , 〈ZaZb〉 =
µ2
2ℓ4
ηab , (4.57)
〈MabMbc〉 = −µ0
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (4.58)
〈PabPbc〉 = −
µ2
ℓ2
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (4.59)
〈MabPbc〉 = −
µ1
ℓ
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (4.60)
〈MabZbc〉 = −
µ2
ℓ2
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (4.61)
〈PabZbc〉 = −
µ1
ℓ3
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
, (4.62)
〈ZabZbc〉 = −
µ2
ℓ4
σ
2
(
ηa(cηd)b −
2
3
ηabηdc
)
. (4.63)
The CS action (2.10) in this case takes the form
S = κ
∫
µ0
[
1
2
(
ωadωa +
1
3
ǫabcω
aωbωc
)
− σ
(
ωabdω
b
a + 2ǫabcω
aωbdωcd
)]
+
µ1
ℓ
[
ea
(
dωa +
1
2
ǫabc
{
ωbωc +
1
2ℓ4
kbkc
}
+
1
ℓ2
dka +
1
ℓ2
ǫabc
{
ωbkc +
1
ℓ4
kbkc
})
+
1
6ℓ2
ǫabc
(
eaebec − 12σǫabce
aebdecd
)
− 2σea
(
ǫabcω
bdωcd +
2
ℓ2
ǫabcω
bdkcd
)
−2σeab
(
dωab + 2ǫacd
{
ωcωdb +
1
ℓ2
kcωdb +
1
ℓ4
kckdb
}
+
1
ℓ2
dkab
+
2
ℓ2
ǫacd
{
kcωdb + 2ω
ckdb +
2
ℓ2
kckdb
})]
+
µ2
ℓ2
[
1
2
ea
(
dea + ǫabcω
bec +
1
ℓ2
ǫabck
bec
)
+ka
(
dωa +
1
2
ǫabcω
bωc +
1
ℓ2
{
dka +
1
2
ǫabcω
bkc +
1
3ℓ2
ǫabck
bkc
})
−2σ
(
ωabdkab +
1
2ℓ2
kabdkab + ǫabck
aωbeωce +
2
ℓ2
ǫabck
aωbekce
+
1
ℓ4
ǫabck
akbekce + 2ǫabcω
akbeωce +
1
ℓ2
ǫabcω
akbekce
)
−σeab
(
deab + 2ǫacdω
cedb +
2
ℓ2
ǫacdk
cedb + 4ǫacde
cωdb +
4
ℓ2
ǫacde
ckdb
)]
. (4.64)
and describes the coupling of spin-3 fields to the AdS-Lorentz gravity. Note that the absence of
abelian generators in this new HS symmetry gives terms proportional to µ1 and µ2 that are different
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to the ones that appear in the spin-3 Maxwell case. However, the CS action (4.23) describing the
coupling of spin-3 fields to the Maxwell gravity can be recovered considering the redefinition (4.54)
of the constants and applying the flat limit ℓ→∞. The same procedure can be done at the level
of the invariant tensor to obtain the one corresponding to the spin-3 Maxwell algebra.
The field equations in this case are given by
T a ≡ dea + ǫabc
(
ωbec +
1
ℓ2
kbec
)
− 4σǫabc
(
ebdω dc +
1
ℓ2
ebdk dc
)
= 0 , (4.65)
Ra ≡ dωa +
1
2
ǫabcωbωc − 2σǫ
abcωbdω
d
c = 0 , (4.66)
Fa ≡ dka + ǫabc
(
ωbkc +
1
ℓ2
kbkc +
1
2
ebec
)
− 2σǫabc
(
2ωbdk
d
c +
1
ℓ2
kbdk
d
c + ebde
d
c
)
= 0 ,(4.67)
T ab ≡ deab + ǫcd(a|
(
ωce
|b)
d +
1
ℓ2
kce
|b)
d + ecω
|b)
d +
1
ℓ2
eck
|b)
d
)
= 0 , (4.68)
Rab ≡ dωab + ǫcd(a|ωcω
|b)
d = 0 , (4.69)
Fab ≡ dkab + ǫcd(a|
(
ωck
|b)
d +
1
ℓ2
kck
|b)
d + kcω
|b)
d +
1
ℓ2
kck
|b)
d + ece
|b)
d
)
= 0 , (4.70)
where presence of non-abelian generators also modifies the gauge transformations w.r.t the spin-3
Maxwell case. Indeed, the spin-2 gauge transformations have the form
δωa = DωΛ
a − 4σǫabcωbdΛ
d
c , (4.71)
δea = Dωξ
a +
1
ℓ2
ǫabckbξc − ǫ
abcΛbec −
1
ℓ2
ǫabcχbec
−4σǫabc
(
ωbdξ
d
c +
1
ℓ2
kbdξ
d
c + ebdΛ
d
c +
1
ℓ2
ebdχ
d
c
)
, (4.72)
δka = Dωχ
a +
1
ℓ2
ǫabckbχc − ǫ
abcξbec − 4σǫ
abc
(
ebdξ
d
c + kbdχ
d
c
)
, (4.73)
while the spin-3 gauge transformations are given by
δωab = dΛab + ǫcd(a|ωcΛ
|b)
d + ǫ
cd(aωb)cΛd , (4.74)
δeab = dξab + ǫcd(a|ωcξ
|b)
d + ǫ
cd(aωb)cξd +
1
ℓ2
ǫcd(a|kcξ
|b)
d +
1
ℓ2
ǫcd(akb)cξd
+ǫcd(a|ecΛ
|b)
d +
1
ℓ2
ǫcd(a|ecχ
|b)
d + ǫ
cd(aeb)cΛd +
1
ℓ2
ǫcd(aeb)cχd , (4.75)
δkab = dχab + ǫcd(a|ωcχ
|b)
d + ǫ
cd(aωb)cχd +
1
ℓ2
ǫcd(a|kcχ
|b)
d +
1
ℓ2
ǫcd(akb)cχd
+ǫcd(a|ecξ
|b)
d + ǫ
cd(aeb)cξd . (4.76)
Note that the limit ℓ → ∞ properly reproduces the spin-3 Maxwell field equations and gauge
transformations.
5 Generalizations to Bm and Cm gravity theories
A wide class of expanded Lie algebras have recently been introduced in the context of CS gravity
in diverse dimensions. In particular, the Bm family has been useful in order to recover standard
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General Relativity without cosmological constant as a particular limit of a CS and Born-Infeld
like gravity theories [68–72]. Subsequently, the Cm algebras were used to recover diverse Pure
Lovelock gravity actions in a matter-free configuration limit [74–76]. Furthermore, it was shown
in [73, 91], that the AdS and Poincare´ algebra, correspond to the simplest cases (m = 3) of the
Cm family and the Bm family, respectively. Along the same line, the AdS-Lorentz and its Ino¨nu¨-
Wigner contraction, the Maxwell algebra, are given by the C4 and the B4 algebras, respectively.
Generically, the Bm symmetries can always be recovered as an Ino¨nu¨-Wigner contraction of the
Cm symmetries.
In this section, we extend this construction to present new non-trivial Lie algebras that corre-
spond to the spin-3 extensions of the Bm and Cm algebras. In every case, the new commutation
relations can be obtained as an expansion of the sl (3,R) algebra considering two families of semi-
groups. In addition, we study the three-dimensional CS action based on these new HS symmetries.
Finally, we provide with the general limit relating such new symmetries.
5.1 Bm gravity coupled to spin-3 fields
Let us consider the semigroup S
(m−2)
E = {λ0, λ1, . . . , λm−1}, whose multiplication law is given
by
λαλβ =
{
λα+β , if α+ β ≤ m− 1
λm−1, if α+ β > m− 1
, (5.1)
where λm−1 = 0S is the zero element of the semigroup. The S
(m−2)
E -expanded algebra is spanned
by the set of generators
B
s3
m = S
(m−2)
E × sl (3,R) =
{
M (i)a , P
(ı¯)
a ,M
(i)
ab , P
(ı¯)
ab
}
., (5.2)
which are related to the original ones by
ℓiM (i)a = J(a,i) = λiJa , ℓ
iM
(i)
ab = T(ab,i) = λiTab , (5.3)
ℓı¯P (ı¯)a = J(a,¯ı) = λı¯Ja , ℓ
ı¯P
(¯ı)
ab = T(ab,¯ı) = λı¯Tab . (5.4)
Here i takes even values and ı¯ takes odd values. The spin-3 and spin-2 generators of the expanded
algebra satisfy [
M (i)a ,M
(j)
b
]
= ǫabcM
c,(i+j), for i+ j ≤ m− 2 , (5.5)[
M (i)a , P
(ı¯)
b
]
= ǫabcP
c,(i+ı¯), for i+ ı¯ ≤ m− 2 , (5.6)[
P (¯ı)a , P
(j¯)
b
]
= ǫabcM
c,(¯ı+j¯), for ı¯+ j¯ ≤ m− 2 , (5.7)
[
M (i)a ,M
(j)
bc
]
= ǫma(bM
(i+j)
c)m , for i+ j ≤ m− 2 , (5.8)[
M (i)a , P
(ı¯)
bc
]
= ǫma(bP
(i+ı¯)
c)m , for i+ ı¯ ≤ m− 2 , (5.9)[
P (¯ı)a ,M
(j)
bc
]
= ǫma(bP
(¯ı+j)
c)m , for ı¯+ j ≤ m− 2 , (5.10)[
P (¯ı)a , P
(j¯)
bc
]
= ǫma(bM
(¯ı+j¯)
c)m , for ı¯+ j¯ ≤ m− 2 , (5.11)
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[
M
(i)
ab ,M
(j)
cd
]
= σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Mm,(i+j), for i+ j ≤ m− 2 , (5.12)[
M
(i)
ab , P
(¯ı)
cd
]
= σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Pm,(i+ı¯), for i+ ı¯ ≤ m− 2 , (5.13)[
P
(i)
ab , P
(j¯)
cd
]
= σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Mm,(ı¯+j¯), for ı¯+ j¯ ≤ m− 2 , (5.14)
others = 0 . (5.15)
The new algebra, which we denote byBs3m , describes the coupling of the spin-3 generators
{
M
(i)
ab , P
(¯ı)
ab
}
to the spin-2 generators
{
M
(i)
a , P
(¯ı)
a
}
of the algebra Bm. Let us remark that m = 3, 4 reproduce
the HS extension of the Poincare´ and Maxwell algebras discussed in the previous sections. The
quadratic Casimir in this case is given by
C = µi+j

i+j≤m−2∑
i,j
M (i)a M
a,(j) −
1
2σ
M
(i)
ab M
ab,(j)

+ µi+ı¯

i+ı¯≤m−2∑
i,¯ı
M (i)a P
a,(¯ı) −
1
2σ
M
(i)
ab P
ab,(ı¯)


+µı¯+j¯

ı¯+j¯≤m−2∑
ı¯,j¯
P (ı¯)a P
a,(j¯) −
1
2σ
P
(¯ı)
ab P
ab,(j¯)

 , (5.16)
while the invariant tensor reads〈
M (i)a M
(j)
b
〉
=
1
2
µi+j ηab , for i+ j ≤ m− 2 , (5.17)〈
M (i)a P
(¯ı)
b
〉
=
1
2
µi+ı¯ ηab , for i+ ı¯ ≤ m− 2 , (5.18)〈
P (ı¯)a P
(j¯)
b
〉
=
1
2
µı¯+j¯ ηab , for ı¯+ j¯ ≤ m− 2 , (5.19)〈
M
(i)
ab M
(j)
cd
〉
= −
σ
2
µi+j
(
ηa(c ǫd)b −
2
3
ηabηcd
)
, for i+ j ≤ m− 2 , (5.20)
〈
M
(i)
ab P
(¯ı)
cd
〉
= −
σ
2
µi+ı¯
(
ηa(c ǫd)b −
2
3
ηabηcd
)
, for i+ ı¯ ≤ m− 2 , (5.21)
〈
P
(ı¯)
ab P
(j¯)
cd
〉
= −
σ
2
µı¯+j¯
(
ηa(c ǫd)b −
2
3
ηabηcd
)
, for ı¯+ j¯ ≤ m− 2 . (5.22)
By introducing the Bs3m -valued connection one-form
A = ωa,(i)M (i)a + e
a,(¯ı)P (ı¯)a + ω
ab,(i)M
(i)
ab + e
ab,(ı¯)P
(¯ı)
ab , (5.23)
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a CS action (2.10) can be constructed:
S = κ
∫
µi+j
[
1
2
(
ωa,(i)dω(j)a +
1
3
ǫabcω
a,(l)ωb,(m)ωc,(n) δi+jl+m+n
)
−σ
(
ω
a,(i)
b dω
b,(j)
a + 2ǫabcω
a,(l)ωbd,(m)ω
c,(n)
d δ
i+j
l+m+n
)]
+µi+ı¯
[
ea,(ı¯)
(
dω(i)a +
1
2
ǫabcω
b,(m)ωc,(n) δim+n − 2σǫabcω
bd,(m)ω
c,(n)
d δ
i
m+n
)
−2σeab,(ı¯)
(
dωb,(i)a + 2ǫacdω
c,(m)ω
d,(n)
b δ
i
m+n
)]
+µı¯+j¯
[
1
2
ea,(ı¯)
(
de(j¯)a + ǫabcω
b,(m)ec,(n¯)δj¯m+n¯
)
−σeab,(ı¯)
(
de
(j¯)
ab + 2ǫacdω
c,(m)e
d,(n¯)
b δ
j¯
m+n¯ + 4ǫacde
c,(m¯)ω
d,(n)
b δ
j¯
m¯+n
)]
, (5.24)
and describes the coupling of spin-3 gauge fields to Bm gravity. It is important to clarify that
the constants µp+q are well-defined only for p + q ≤ m − 2. In particular, the Poincare´ gravity
action coupled to spin-3 gauge fields is recovered for m = 3 (see eq. (3.46)). New gravity actions
coupled to spin-3 fields appear for m ≥ 4, where for the m = 4 we recover the Maxwell case (see eq.
(4.23)). It is important to emphasize that the procedure considered here allows us to build the most
general CS action for Bm gravity coupled to spin-3 fields. Indeed, besides the terms proportional
to µi+ı¯, which correspond to Euler type CS term, there are CS terms related to the Pontryagin type
densities, which are proportional to the µi+j and µı¯+j¯ constants. The action (5.24) is invariant
under Bs3m gauge transformations with parameters of the form
λ = Λa,(i)M (i)a + ξ
a,(ı¯)P (¯ı)a + Λ
ab,(i)M
(i)
ab + ξ
ab,(¯ı)P
(ı¯)
ab , (5.25)
which explicitly look like
δωa,(i) = dΛa,(i) + δij+kǫ
abc
(
ω
(j)
b Λ
(k)
c − 4σω
(j)
bd Λ
d,(k)
c
)
−ǫabc
(
ξ
(j¯)
b e
(k¯)
c + 4σe
(j¯)
bd ξ
d,(k¯)
c
)
δi
j¯+k¯ , (5.26)
δea,(ı¯) = dξa,(¯ı) + δı¯
j+k¯ ǫ
abc
(
ω
(j)
b ξ
(k¯)
c − Λ
(j)
b e
(k¯)
c − 4σω
(j)
bd ξ
d,(k¯)
c − 4σe
(k¯)
bd Λ
d,(j)
c
)
, (5.27)
δωab,(i) = dΛab,(i) + δij+kǫ
cd(a|
(
ω(j)c Λ
|b),(k)
d + ω
b),(j)
c Λ
(k)
d
)
+δi
j¯+k¯ǫ
cd(a|
(
e(j¯)c ξ
|b),(k¯)
d + e
b),(j¯)
c ξ
(k¯)
d
)
, (5.28)
δeab,(ı¯) = dξab,(¯ı) + δı¯
j+k¯ǫ
cd(a|
(
ω(j)c ξ
|b),(k¯)
d + e
(k¯)
c Λ
|b),(j)
d + e
b),(k¯)
c Λ
(j)
d + ω
b),(j)
c ξ
(k¯)
d
)
.(5.29)
The spin-3 gauge fields appear explicitly in the equation of motion for the spin-2 fields, which are
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given by
T a,(ı¯) ≡ dea,(ı¯) + δı¯
j+k¯
(
ǫabcω
(j)
b e
(k¯)
c − 4σǫ
abce
(k¯)
bd ω
d,(j)
c
)
= 0 , (5.30)
Ra,(i) ≡ dωa,(i) +
δij+k
2
ǫabc
(
ω
(j)
b ω
(k)
c − 4σω
(j)
bd ω
d,(k)
c
)
+
δi
j¯+k¯
2
ǫabc
(
e
(j¯)
b e
(k¯)
c − 4σe
(j¯)
bd e
d,(k¯)
c
)
= 0 . (5.31)
On the other hand, the equations of motion for the spin-3 gauge fields read
T ab,(ı¯) ≡ deab,(ı¯) + δı¯
j+k¯ ǫ
cd(a|
(
ω(j)c e
|b),(k¯)
d + e
(k¯)
c ω
|b),(j)
d
)
= 0 , (5.32)
Rab,(i) ≡ dωab,(i) + δij+kǫ
cd(a|
(
ω(j)c ω
|b),(k)
d
)
+ δi
j¯+k¯ǫ
cd(a|e(j¯)c e
|b),(k¯)
d = 0 . (5.33)
Here the delta δip+q is restricted to p + q ≤ m − 2 due to the non-vanishing components of the
invariant tensor for the Bs3m symmetry. It is interesting that, as in the HS Maxwell case, the field
equations of the HS fields resemble the form of the ones of in [89,90] and could be a way to realize
that kind of matter couplings from an algebraic point of view.
5.2 Cm gravity coupled to spin-3 fields
The same procedure can be applied in order to obtain a Cm algebra coupled to spin-3 generators.
Indeed, let us consider now the semigroup S
(m−2)
M = {λ0, λ1, . . . , λm−2}, whose elements satisfy
λαλβ =
{
λα+β if α+ β ≤ m− 2
λ
α+β−2[m−1
2
] if α+ β > m− 2
. (5.34)
The S
(m−2)
M -expanded algebra has the same number of generators as the B
s3
m algebra,
C
s3
m = S
(m−2)
M × sl(3,R) =
{
M (i)a , P
(¯ı)
a ,M
(i)
ab , P
(ı¯)
ab
}
,
and are related to the original ones through
ℓiM (i)a = J(a,i) = λiJa , ℓ
iM
(i)
ab = T(ab,i) = λiTab , (5.35)
ℓı¯P (¯ı)a = J(a,¯ı) = λı¯Ja , ℓ
ı¯P
(¯ı)
ab = T(ab,¯ı) = λı¯Tab . (5.36)
As in the previous case, i takes even values, while ı¯ takes odd values. However, the SM semigroup
has no zero element, implying that the Cs3m algebra has the form
[
M (i)a ,M
(j)
b
]
=
ℓ{i+j}
ℓi+j
ǫabcM
c,{i+j},
[
M (i)a , P
(ı¯)
b
]
=
ℓ{i+ı¯}
ℓi+ı¯
ǫabcP
c,{i+ı¯}, (5.37)
[
P (¯ı)a , P
(j¯)
b
]
=
ℓ{ı¯+j¯}
ℓı¯+j¯
ǫabcM
c,{ı¯+j¯}, (5.38)
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[
M (i)a ,M
(j)
bc
]
=
ℓ{i+j}
ℓi+j
ǫma(bM
{i+j}
c)m ,
[
M (i)a , P
(¯ı)
bc
]
=
ℓ{i+ı¯}
ℓi+ı¯
ǫma(bP
{i+ı¯}
c)m , (5.39)[
P (¯ı)a ,M
(j)
bc
]
=
ℓ{ı¯+j}
ℓı¯+j
ǫma(bP
{ı¯+j}
c)m ,
[
P (¯ı)a , P
(j¯)
bc
]
=
ℓ{ı¯+j¯}
ℓı¯+j¯
ǫma(bM
{ı¯+j¯}
c)m , (5.40)
[
M
(i)
ab ,M
(j)
cd
]
=
ℓ{i+j}
ℓi+j
σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Mm,{i+j}, (5.41)
[
M
(i)
ab , P
(ı¯)
cd
]
=
ℓ{i+ı¯}
ℓi+ı¯
σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Pm,{i+ı¯}, (5.42)
[
P
(i)
ab , P
(j¯)
cd
]
=
ℓ{ı¯+j¯}
ℓı¯+j¯
σ
(
ηa(c ǫd)bm + ηb(c ǫd)am
)
Mm,{ı¯+j¯}, (5.43)
where {· · · } means
{i+ j} =
{
i+ j if i+ j ≤ m− 2
i+ j − 2
[
m−1
2
]
if i+ j > m− 2
. (5.44)
The Cs3m algebra describes the coupling of spin-3 generators
{
M
(i)
ab , P
(ı¯)
ab
}
to the spin-2 generators{
M
(i)
a , P
(ı¯)
a
}
of the Cm Lie algebra. Let us note that the sl (3,R) × sl (3,R) algebra (3.5-3.10)
is recovered for m = 3, and m = 4 reproduces the AdS-Lorentz Lie algebra coupled to spin-3
generators, which in turn can be rewritten as three copies of the sl (3,R) algebra. This fact might
lead one to think that the Cs3m algebra could be isomorphic to m−1 copies of sl (3,R). However, this
is an accident that occurs only for m = 3, 4, and it is not true in the generic case. The Cs3m algebra
reduces to the Bs3m alebra described in the previous section when the limit ℓ → ∞ is considered.
In such limit, ℓ{p+q}/ℓp+q → 0 for p + q > m− 2, which abelianizes some commutation relations.
The quadratic Casimir in this case reads
C =
µ{i+j}
ℓi+j

m−2∑
i,j
M (i)a M
a,(j) −
1
2σ
M
(i)
ab M
ab,(j)

+ µ{i+ı¯}
ℓi+ı¯

m−2∑
i,¯ı
M (i)a P
a,(¯ı) −
1
2σ
M
(i)
ab P
ab,(ı¯)


+
µ{ı¯+j¯}
ℓı¯+j¯

m−2∑
ı¯,j¯
P (¯ı)a P
a,(j¯) −
1
2σ
P
(ı¯)
ab P
ab,(j¯)

 . (5.45)
The limit ℓ → ∞ can also be applied at the level of the Cs3m Casimir operator. Nevertheless, this
requires the following redefinition in the arbitrary constants,
µ{i+j} → ℓ
{i+j}µ{i+j} . (5.46)
Then, as in the commutation relations, ℓ{p+q}/ℓp+q vanishes for p + q > m− 2, which reproduces
the Bs3m quadratic Casimir.
Let us consider the Cs3m connection one-form
A = ωa,(i)M (i)a + e
a,(¯ı)P (ı¯)a + ω
ab,(i)M
(i)
ab + e
ab,(ı¯)P
(¯ı)
ab . (5.47)
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and non-vanishing components of the invariant tensor for the Cs3m algebra〈
M (i)a M
(j)
b
〉
=
µ{i+j}
2ℓi+j
ηab ,
〈
M (i)a P
(ı¯)
b
〉
=
µ{i+ı¯}
2ℓi+ı¯
ηab ,
〈
P (¯ı)a P
(j¯)
b
〉
=
µ{ı¯+j¯}
2ℓı¯+j¯
ηab , (5.48)〈
M
(i)
ab M
(j)
cd
〉
= −
σ
2ℓi+j
µ{i+j}
(
ηa(c ǫd)b −
2
3
ηabηcd
)
, (5.49)
〈
M
(i)
ab P
(¯ı)
cd
〉
= −
σ
2ℓi+ı¯
µ{i+ı¯}
(
ηa(c ǫd)b −
2
3
ηabηcd
)
, (5.50)
〈
P
(ı¯)
ab P
(j¯)
cd
〉
= −
σ
2ℓı¯+j¯
µ{ı¯+j¯}
(
ηa(c ǫd)b −
2
3
ηabηcd
)
, (5.51)
where {· · · } is defined as
{i+ j} =
{
i+ j if i+ j ≤ m− 2
i+ j − 2
[
m−1
2
]
if i+ j > m− 2
. (5.52)
The corresponding three-dimensional CS action (2.10) is
S = κ
∫
µ{i+j}
ℓi+j
[
1
2
(
ωa,(i)dω(j)a +
ℓ{i+j}
3ℓi+j
ǫabcω
a,(l)ωb,(m)ωc,(n) δ
{i+j}
l+m+n
)
−σ
(
ω
a,(i)
b dω
b,(j)
a +
2ℓ{i+j}
ℓi+j
ǫabcω
a,(l)ωbd,(m)ω
c,(n)
d δ
{i+j}
l+m+n
)]
+
µ{i+ı¯}
ℓi+ı¯
[
ea,(ı¯)
(
dω(i)a +
ℓ{i+ı¯}
2ℓi+ı¯
ǫabcω
b,(m)ωc,(n) δim+n −
2ℓ{i+ı¯}
ℓi+ı¯
σǫabcω
bd,(m)ω
c,(n)
d δ
i
m+n
)
−2σeab,(ı¯)
(
dωb,(i)a +
2ℓ{i+ı¯}
ℓi+ı¯
ǫacdω
c,(m)ω
d,(n)
b δ
i
m+n
)]
+
µ{ı¯+j¯}
ℓı¯+j¯
[
1
2
ea,(ı¯)
(
de(j¯)a +
ℓ{ı¯+j¯}
ℓı¯+j¯
ǫabcω
b,(m)ec,(n¯)δj¯m+n¯
)
−σeab,(¯ı)
(
de
(j¯)
ab +
2ℓ{ı¯+j¯}
ℓı¯+j¯
ǫacdω
c,(m)e
d,(n¯)
b δ
j¯
m+n¯ +
4ℓ{ı¯+j¯}
ℓı¯+j¯
ǫacde
c,(m¯)ω
d,(n)
b δ
j¯
m¯+n
)]
. (5.53)
This action describes a spin-3 extension of Cm gravity and is divided in two parts. The term
proportional to µ{i+ı¯} corresponds to an Euler type CS action while the terms proportional to
µ{i+j} and µ{ı¯+j¯} describe a Pontryagin type CS action. Note that ℓ
{p+q}/ℓp+q is trivially the
identity for p+ q ≤ m− 2. Then the parameter ℓ appears in the action for p+ q > m− 2. In orther
to apply the limit ℓ→∞ in the CS action, it is necessary to use the redefinition (5.46), leading to
the Bs3m action (5.24). The field equations coming from the action (5.53) are
T a,(¯ı) ≡ dea,(ı¯) + δı¯{j+k¯}
(
ǫabcω
(j)
b e
(k¯)
c − 4σǫ
abce
(k¯)
bd ω
d,(j)
c
)
= 0 , (5.54)
Ra,(i) ≡ dωa,(i) +
δi{j+k}
2
ǫabc
(
ω
(j)
b ω
(k)
c − 4σω
(j)
bd ω
d,(k)
c
)
+
δi
j¯+k¯
2ℓ2
ǫabc
(
e
(j¯)
b e
(k¯)
c − 4σe
(j¯)
bd e
d,(k¯)
c
)
= 0 , (5.55)
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T ab,(ı¯) ≡ deab,(ı¯) + δı¯{j+k¯} ǫ
cd(a|
(
ω(j)c e
|b),(k¯)
d + e
(k¯)
c ω
|b),(j)
d
)
= 0 , (5.56)
Rab,(i) ≡ dωab,(i) + δi{j+k}ǫ
cd(a|
(
ω(j)c ω
|b),(k)
d
)
+
δi
j¯+k¯
ℓ2
ǫcd(a|e(j¯)c e
|b),(k¯)
d = 0 . (5.57)
We see that, although the action (5.53) is quite similar to the Bs3m one, the absence of abelian
generators in the Cs3m symmetry radically modifies the gravity action and therefore its dynamics.
Regarding gauge transformations, they differ from the ones of the Bs3m case, (5.26-5.29) , in the
Kroenecker delta δip+q, which is no more restricted to particular values of p and q.
6 Conclusions
We have constructed new spin-3 extensions of Einstein gravity in three dimensions. This has
been achieved by expanding the sl(3,R) algebra. As a warm up, we first showed how the known
spin-3 extensions of the the AdS and Poincare´ algebras can be obtained as expansions of sl(3,R).
Using this technique, we have constructed most general invariant tensor in each case and constructed
the corresponding CS actions. This reproduces the known HS gravity theories in each case plus
exotic terms.
By considering more general semigroups we have constructed the spin-3 extensions of the
Maxwell and AdS-Lorentz algebras. In addition, the CS actions invariant under these new HS
symmetries have been studied. In the case of the Maxwell algebra, it allows us to introduce a
new spin-3 theory with vanishing cosmological constant. This is a novel extension of HS three-
dimensional gravity in flat space including topological HS matter. The field equations of the HS
field resemble the form of the matter field equations introduced in [89,90]. Therefore the formula-
tion here presented could be a way to realize that kind of matter couplings from an algebraic point
of view. At the same time we have showed how this model can be obtained as a flat limit of the
CS theory corresponding the spin-3 extension of the AdS-Lorentz algebra. Moreover, the flat limit
relating such new spin-3 gravity theories works at the level of the symmetries, Casimir operators,
invariant tensors and field equations.
Finally, we have generalized these results to construct two families of spin-3 algebras, denoted as
C
s3
m andB
s3
m , which contain all the previously obtained results as particular cases. These symmetries
are related through the limit ℓ → ∞ for every value of m. The corresponding CS theories have
been studied in each case, yielding new gravity models coupled to HS topological matter in three
dimensions.
It would be interesting to go further and analyze the asymptotic symmetries of these new HS
theories, as well as their classical duals. This could lead to enlarged versions of known W-type
algebras. In particular, in the Maxwell spin-3 case, one could expect an enlargement of the HS
extension of the bms3 algebra (work in progress). Another appealing aspect of these theories is
their solution space. It would be interesting to study, for instance, black holes, cosmologies and
conical singularities supporting HS spin matter and analyze their thermodynamics. On the other
hand, in order to describe more general models, it would be worth to extend our analysis to an
infinite number of interacting HS gauge fields. Another important aspect along this direction that
deserves further investigation is the generalization of our results to include fermions.
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